MAT327 Notes

Table of Contents

1. Topological SPaces .....vviuiiiiiiiiiiii ittt iiiiiitineennennns 2
1.1, Metric SPaces . ..o ve ittt e 2
1.2. Topological SPaces .. ...t e 6
1.3. Bases for a Topology ... ... 10

. Important Topologies ..........ciiiiiiiiiiiiiiiii ittt 13
2.1. Lower Limit Topology . ... 13
2.2. Subspace Topology . ..o 14
2.3. Order Topology . ... 15
2.4. Box and Product Topology ... 16

. Closure and Interior .........coiiiiiiiiiiiiiiiiiiiiiiiiineeneennnnn 20
3.1, Closed SeS ..ottt 20
3.2, ClOSUTE . ettt e e e e e e e e 22
3.3, INteTIOr oot 25
3.4, BoUundary .. ... 26
. Functions on Topological Spaces .........cciiiiiiiiiiiiiiiiinne.. 27
4.1. Continuous Functions ... 27
4.2. Homeomorphisms . ...... ... 30
e SEQUEIICES .ttt vttietitnenenensossssssssssssssssesososososssnsasnsnsas 31
5.1. First Countable Spaces ........ ..o 31
5.2, CONVETZEIICE . . . v ettt ettt e e e e e e e e et 33
5.3. Hausdorff Spaces ... 37
5.4, Limit Points ... 38

These notes were made for the course MAT327H1: Introduction to Topology at the

University of Toronto. They are based on the lectures of the summer 2025 offering.

These notes primarily cover the definitions, theorems, and examples from the first third

of the course and may contain errors.

Sanchit Manchanda

(1/39)



MAT327 NOTES May 31, 2025

1. Topological Spaces

Our general motivation to construct topological spaces is to study continuity in the
most abstract form.

Recall that

This is easily generalized to spaces where we have a notion of distance.

1.1. Metric Spaces

We discuss some common examples previously seen in MAT257

We see this naturally gives rise to a more general definition of continuity
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Definition 1.1.2: We say that f: (X,dy) — (Y,dy ) is continuous iff
Ve X Ve>0 F0>0 VeeX (dz,zy) <d=d(f(z), f(zy)) <e)

However this provides us with a new goal of defining continuity without the use of a
metric.

Definition 1.1.3: Given a metric space (X,d). Let z, € X and r > 0.
We define the open ball centered at z, with radius r as

B(zy,r) ={x € X : d(z,zy) <1}

Now we note that it follows from the definition that continuity in a metric space is
equivalent to

Proposition 1.1.1: f: X — Y is continuous iff

Vo, € X Ve>0 36> 05 By (2,8) C f(By, (f(zo),¢))

Proof:
We prove both directions together.

Let xy, € X be arbitrary. Let € > 0 then by the definition of continuity we have there
exists some § > 0 such that for all x € X if dx(z,z,) < d then dy (f(x), f(z,)) < €.

Now we see that dx(z,z,) < § is equivalent to x € By (z,6). Similarly we have that
dy (f(z), f(z¢)) < € is equivalent to f(z) € By (f(%¢),€). Now we see then that z €

1 (de(f(wo)a 5))

It follows then that continuity is equivalent to
x € By (x9,0) >z € f! (de(f(xo)ﬂf))
However this directly equivalent to

B, (0,0) C f! (de(f(xo)a 5))

Definition 1.1.4: Let (X,d) be a metric space. We say that U C X is open iff
U is a union of open balls.

Sanchit Manchanda (3/39)



MAT327 NOTES May 31, 2025

Proof:

(=) Suppose U C X is open. Then by definition U = U B,(z;,r;) for some collection
i€l

of open balls.

Fix x € U. Then x € Bd<a:j,rj) for some j € I.

It suffices to show that there exists 7 > 0 such that By(x,r) C By(z;,7;).

Let r=r; — d(a:,a:j). Since x € Bd(xj,rj) we have d(w,xj) <r;sor>0.

Let y € By(z,r). Then d(y,z) < r. By the triangle inequality

d(y,z;) < d(y,») +d(z,))

< ’r—l—d(m,:vj)
= (r; —d(z,2;)) + d(z, ;)

j
Soy € Bd(xj,'rj). Thus By(z,r) C Bd(xj,rj) cU.

(<) Suppose for all z €U there exists r, >0 s.t. By(z,r,) CU. Then U =

U B,(x,r,). This is a union of open balls, so U is open.
zeU

We now use this to prove our most general form of continuity.
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Proof:

(=) Suppose f is continuous. Let U C Y be open in Y.

Let 25 € f~'(U). Then there exists € > 0 such that By (f(x),e) € U. This means that
for all y € By (f(),€) we have that dy (f(z),y) < . Now by continuity there exists
a § > 0 such that for z € X such that dy(z z,) < 6 then d(f(z), f(z,)) < e. However
this means z € By _(z,0) = f(x) € By (f(x),¢) CU and so x € f~*(U) and thus we
see that By (zg,0) C FHU).

Now as z, was arbitrary we have that every point in f~!(U) permits an open ball
around it contained in f~1(U) and so f~(U) is open.

(<) Suppose f~1(U) is open for all open U C Y. Fix z, € X and € > 0.

Now we see since By_(f(x),€) is open in Y that f~! (BdY (f(zg), 5)) is open in X.
Now as x5 € f! (de(f(xo), 8)) there exists a ¢ >0 such that By (z(,6) C
! (de(f(xo),a)). This means that z € By (z(,9) = f(z) € By, (f(zy),€) and so f
is continuous.

This leads us to our new goal of defining what open sets are without a metric.
First we discuss some basic properties of open sets in metric spaces.

Proposition 1.1.3: Let (X, d) be a metric space.
(i) @, X are open
(ii) If U; is open for all i € I, then U U, is open
el n
(iii) If U; is open for all i € {1, ...,n}, then ﬂ U, is open
i=1

Proof:
(i) See Example 1.1.2

(ii) Each U, is a union of open balls so U U, is a union of open balls and hence is open.
iel n

(iii) Let Uy, ...,U, be a collection of open sets. Now for z € m U, we have that for each
i=1

i€ {l,...,n} that x € U; and as each U, is open there exists a r, > 0 such that

B(z,r;) C U,. Now taking r = 1r£11<n r, we have that B(z,r) C U, for all ¢ and so

B(z,r) C ﬂ U; and so m U, is open.

el el

Remark 1.1.1: In general the infinite intersection of open sets is not open.
n
For example in R take U,, = (l l). Then

n’n

U, = {0} which is not open.
=1
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1.2. Topological Spaces

We see that R with the usual metric induces the usual topology of R where open sets
are the union of open intervals.

We now look at some common examples of topologies.
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Example 1.2.2:

(i) Indiscrete Topology on any set X: Ty qiscrete = 195 X }
e The captures the idea of a “smallest” topology
(ii) Discrete Topology on any set X: Tyierete = P (X)
e The captures the idea of a “largest” topology
(iii) Co-finite topology on any set X: 7., snite = {U € X : X \ U is finite} U {&}

(iv) Co-countable topology on any set X:
T, ={U C X : X\ U is countable} U {&}

co-countable

Proof:
(i) Obvious
(ii) Obvious
(ili) (i) By definition @ € 7., gpite-

Additionally & is finite so X = X \ @ and so X € 7,
(ii) Let U; €T,

o-finite

for i € I (WLOG U; # &). Then we have that
X\Yu, =Nx\y)

iel i€l

o-finite

is finite as the intersection of finite sets is finite and so U U; € Too finite-
i€l

(iii) Let U; € 7, for i € {1,...,n} (WLOG U; # &). Then we have that

o-finite

n

x\(u=Ux o

i=1
n
is finite as the finite union of finite sets is finite and so ﬂ U, e

co-finite *
=1

(iv) Identical to the previous with the word finite substituted for countable.

Proposition 1.2.1: The discrete topology is metrizable by the discrete metric.

Proof:

Let Tgigerete D€ the discrete topology on X and let 7; be the topology induced by the
discrete metric on X.

Now it is clear that 7; C Tyiete @S €very collection of subsets of X is a subset of the
power set of X.

Now to show that Ty..,ce C© 74- It suffices to show that 7, contains all the singletons.

Let z € X. Then we see that B(z, ) = {z} is open in 7, thus Tyee C 74 and so the
discrete topology is metrizable.
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Proposition 1.2.2: Generally the indiscrete topology is not metrizable.

Proof:
In the case | X| =1 then T

ndiscrete = Tdiscrete d11d 8O is metrizable.

Otherwise if | X| > 2 suppose for the sake of contradiction there exists a metric d such
that it induces the indiscrete topology. Let x,y € X then by picking r = d(z,y) we see
that B(z,r) is open and z € B(z,r) but y ¢ B(z,r). However this implies B(z,r) # &
and B(z,r) # X. Thus d cannot induce the indiscrete metric.

Remark 1.2.2: We have actually shown something much stronger. Namely that
metrizable topologies must be Hausdorff.

Definition 1.2.3: Let 7 and 7’ be two topologies on X. We say that 7’ is finer
than 7 and that 7 is coarser than 7" iff 7 C 7’.

We say that 7 and 7’ are comparable iff either 7 C 7" or 7/ C 7.

Example 1.2.3:
Cr

¢ T co-countable

o-finite

e For any topology T, €T € Ribee

Tindiscrete

Lemma 1.2.1: Let d and d’ be two metrics on X.

7, Cryiff VeeX Ve>0 3§>0s.t By(z,0) C Bylz,e)

Proof:

(=) Suppose that 7, C 7. Fix z € X and let € > 0. Now as By(z,¢) € 7, C 7. Now
by Proposition 1.1.2 we get there exists a § > 0 such that By (z,d) C By(z,¢).

(<) Suppose that for all z € X and for all € > 0 there exists § > 0 such that By (z,6) C
B,(z,e). Let U € 1,. Fix x € U. Then by Proposition 1.1.2 there exists € > 0 such that
By(z,e) C U. Now there exists § > 0 such that By (z,d) C B,(z,e) C U. However this
implies by Proposition 1.1.2 that U € 7, and so we have that 7, C 7.
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Corollary 1.2.1: Let d and d’ be two metrics on X. If there exists a constant
a > 0 such that for all z,y € X

d(xay) Sa- d/(.’E,y)

Then 7, C 74

Proof:
Let z € X and € > 0. We see by fixing § = £ so that if d’(z,y) < ¢ then
d(iﬂ,y) Sa'd/(l',’y)
£
<a._
a
=

Thus we see that y € By (x,6) = y € By(z,e). We get by rewriting this as By (x,d) C
B,(z,e) that by Lemma 1.2.1 this implies that 7, C 7.
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1.3. Bases for a Topology

In a metric space, open sets are defined by open balls.

In a sense we can say that open balls “generate” all open sets, or in other words, that

open balls are “basic open sets”.

We want to generalize this for arbitrary topological spaces.

In a metric space (X,d), U C X is open iff Vo € U Ir > 0 B(z,r) C U.

Definition 1.3.1: Let X be a set. A collection B of subsets of X satisfying
(i) Vee X3dBeBz€B
(il) VB,B, e BVre X (reB,NBy,=3dBeBstx e BC B NB,)

is called a basis for a topology on X. Elements of B are called basic open sets. 743

is called the topology generated by B.

We will verify that bases in topological spaces induce topologies in the same way open

balls in metric spaces induce topologies.

Proposition 1.3.1: Let X be a set. Then

is a topology on X.

s={UCX:VzeU 3IBeB zeBCU}

Proof:

(i)
(i)

(iii)

@ € T is vacuously true. As every point in x is contained in some basic open set
we have that X € 75.

Let U; € 75 for i € I. Now fix some z € U U;. Then there is some ¢ such that
i€l
x € U;. As such there exists a B € B such that x € BC U, C UUl and so L_JUZ
iel il

is open.

It suffices to show the intersection of 2 open sets is open. Let U and V' be open sets
in 75. Let £ € U N V. Then there exists B; € B such that z € B; C U and there
exists By such that x € B, C V. Thus we have z € B; N B,. Now by definition
there exists some B € B such that x € BC BN B, CUNV. Thus we see that

U NV is open.

Why do we care about bases?

Oftentimes it is easier to discuss topologies in terms of the bases that induces them.

Additionally many topological concepts are defined in terms of basic open sets.
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Lemma 1.3.1: Let B and B’ be two bases for topologies on X. Then the following
are equivalent

(i) 7 is finer than 75 (153 C 73/)

(il) Vee XVBeB(xe€eB=3B" €¢B z€ B CB)

Proof:
(i) = (i)
Suppose that 75 is finer than 75. Now any B € B is open in 75 and as such it is open

in 7. Let £ € B. Then by the definition of a basis we get that there exists a B’ € B’
such that x € B’ C B.

(i) = (i)
Suppose that Ve € X VBe B (r€ B=3B' € B z € B CB). Let U be an open
set in 73 and let x € U. Then there exists a B € B such that z € B C U. Now by

the assumption we have there exists B’ € B’ such that x € B’ C B C U. However this
implies that U is open in 75 and so 73 C 75/.

Lemma 1.3.2: If B is a basis for a topology on X, then 75 is the collection of
all unions of elements in B.

Proof:

Let U be an open set. Then for all z € U there exists a B, € B such that x € B, C U.

Now we see that U B, = U and so U can be written as the union of elements in B.
xeU

Conversely we see that every union of elements in B is automatically in 753 as B C 74
and a topology is closed under arbitrary union.

Lemma 1.3.3: Let (X,7) be a topological space. If C is a collection of open
subsets of X such that

YUerT VzeU FJcelC zeCCU

Then, C is a basis for a topology on X and 7, = 7.
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Proof:

First we verify that C is a basis. Since X is an open set we have that for every x € X
there exists a C' € C such that x € C. Thus C covers X.

Next we see given C},C, € C that C} N C; is open and so C; N C, € C. Thus the inter-
section of basic open sets is a basic open set and thus contains a basic open set.

Now we show this induces the same topology.

Let U € 7. Then we have that for every x € U that there exists a C, € C such that x €

C, CU. As such we have that U = U C,, and so is the union of basic open sets and
zeU

so U is open in 7.

Now take some open set U € 7,. Then by Lemma 1.3.2 we see that U is the union of
basic open sets which are all open in 7 and so U is open in 7. As such we see that
TC =T.

Definition 1.3.2: We say that a topological space (X, 7) is second countable iff
it has a countable basis.

Example 1.3.1:
(i) Bases for R . :

e B, ={(a,b) :a,b € Rs.t a<b} is an uncountable basis
e By ={(p,q) :p,q € Qs.t p<q}isa countable basis

(ii) Fix some z € R then B, = {(x —r,z + ) :r > 0} is a basis for a topology
on R but 73 # Tygar-

(iii) Basis for discrete topology: B = {{z} : € X}. One notes that (X, Tyiscrete)
is second countable when X is countable.
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2. Important Topologies
2.1. Lower Limit Topology

Example 2.1.1: On R consider the collection
B, :={la,b) : a,b € R,a < b}

This B, forms a basis for a topology on R. This topology, denoted 7,, is called
Lower Limit topology on R. The space R, = (R, 7,) is called Sorgenfrey Line.

Proposition 2.1.1: 7, is strictly finer than 7,,,,. That is -y

usual =

Proof:
(C) Consider (a,b) € Bg,.- Let x € (a,b) we see x € [z,b) C (a,b). Thus 7,4, C 7.

(C) Consider [0,1) € 7, but [0,1) ¢ T,

usual

Proposition 2.1.2: R, is not second countable

Proof:

Fix any basis B for 7, We construct an injective map R — B. Fix z € R and consider
U, =[x,z + 1) € 7,. Since B is a basis we can pick some B, € B such that x € B, C U,,.

We show that x = B, is injective.

Suppose z # y and WLOG suppose = < y. Now note that the minimal element of some

B, is z by construction. As such we see that x ¢ B, thus B, # B, and so the mapping
is injective.
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2.2. Subspace Topology

Proof:

Let V openin Y and x € V. Then V =U NY where U open in X. We see that there
exists B€ Bsuch that t € BCU thusz € BNY CV.

Proof:

The open set in Y is the intersection of an open set in X and Y which is open in X
and the intersection of 2 open sets in X is open.
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2.3. Order Topology
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2.4. Box and Product Topology
Before we discuss topologies on the cartesian product of sets we must define the cartesian
product.

We form the cartesian product of finitely many sets say X, ..., X,, by saying the elements
are n-tuples. We have that (zq,...,7,) € X; x - x X,, where each z,; € X;. Of course
we think of n-tuples as a point in n dimensions.

Definition 2.4.1: Suppose (X, 7x) and (Y, 7y) are two topological spaces. Then
Bprod:{UXV:UETXandVETy}

is not a topology but it is a basis for one. We denote the topology this basis
induces as the finite product topology.

We prove that B4 is a basis for a topology.

Proof:

X and Y are both open thus X x Y € B, and so for all (z,y) € X x Y. There is some
open set U, namely U = X x Y such that (z,y) € U.

Now suppose U; x V1, Uy x V; € By, 4 and let (z,y) € (U; x Vi) N (Uy x V;). Then z €
U NU, and y € V; NV,. Now there exists U open in X such that z € U C U; N U, and
there exists V open in Y such that y € V. C V; N'V,. However then we have that (z,y) €
UxV C (U x V)N (Uy x Vy) and U x V is open in B4 thus B4 is a basis.

Generalizing to the case of the product of finitely many space is trivial by induction.

The countably infinite generalization of n-tuples are sequences (z,,x,,...) where each
z; € X;. In other words we can say that sequences are functions
fiN= X
jeN
Jj T € X j

Now for an arbitrary collection of spaces {X_,} where each o € J for some index set J.
We can define the arbitrary cartesian product of {X_} as the set of all functions

z:J— UXa
aeJ
o T,

in this case x € H X,

acJ
Now convince yourself in the case J = {1,...,n} this is the same as the usual finite
product.
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Now how should we define a topology on the arbitrary product of sets?

First we will try the naive idea of just taking the collection of arbitrary boxes.

The proof that this is a basis is very similar to the proof in the finite case.

We see that if f is continuous then all the coordinate functions are also continuous.

Is the reverse true? Unfortunately it is not.
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Definition 2.4.5: We define R¥ as the countable product of R. Note that this is
the set of real valued sequences.

Example 2.4.1: Consider attempting to embed R into R“ by the injective map
iR RY

z (z,x,...)
Clearly each coordinate function f, = (z + z) is continuous.

Now consider the preimage under f of

B is a basic open set in the box topology but f~1(B) = {0} which is not open.
This leads us to discuss an alternative topology.

Definition 2.4.6: The product topology on [[ X, is defined to be the coarsest
topology for which the projection maps 7, are all continuous.

Proposition 2.4.2: The box topology contains the product topology.

Proof:

The projection maps are continuous in the box topology and so by definition the product
topology is coarser and hence is contained in the box topology.

This definition of the product topology feels very abstract. What are the basis elements
that generate this?

We see that as the preimage of the projection maps is open that the sets of the form

Usifa=p
U, where U, = pr
1l {ehe

for some B € J are open.

Now this set forms a subbasis of X and so this generates the topology given by taking
finite intersections.
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That is all open sets are of the form

i UB if S {ﬂb "',ﬂn}
};{JUa where U, = {Xa if a¢ {By,.,0,}

for some {fy, ..., 8,} C J. In other words open sets are of the form [[U, where U, =
X, for all but finitely many «.

Proposition 2.4.3: For finite products the box topology equals the product
topology

Proof:

Using the previous criterion of the product topology we see that for finite products it
is equivalent to saying open sets are those which are the product of open sets in each
coordinate and hence is exactly the box topology.

Theorem 2.4.1: For f: A— [[ X, is continuous in the product topology on
[I X, if and only if the coordinate function fgz = 4o f is continuous for each

BeJ.

Proof:

The forward direction is obvious as f and 74 are continuous and the composition of
continuous functions is continuous.

Now for the reverse direction we have that for any open set U in [[ X, we have that
U =[] U, where for all but finitely many a we have that U, = X

o

As such we have that

L) =f1 (H Ua) = f (ﬂ w;l(%))

aed aed

=f! (ﬂ waf(Uﬂ))
= (F " om5!)(Us,)

] ———
7 fE 11

Now each fg is continuous so fﬁ_‘l <Uﬁi) is open and hence f~1(U) is the finite inter-

section of open sets and hence is open and so f is continuous.
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3. Closure and Interior

3.1. Closed Sets

Proof:

By axioms of a topology and de Morgan’s laws

X\ﬂF;=U(X\E) is open=>ﬂF; is closed

i€l iel open i€l

Proof:

(=)Fix ECY closedinY. Then U =Y \ EisopeninY.

Now X \ f"H(E) = f"Y(Y\ E) = f~1(U) is open in X by continuity.
Thus f~1(E) is closed in X.

(<) Fixopen U CY. Then E=Y \ U is closed in Y.

Now X\ f1(U) = f71(Y \U) = f1(E) is closed in X by assumption.

Thus f~1(U) is open in X and so f is continuous.
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3.2. Closure
Recall that in a metric space (X,d) that U C X is open iff for all z € U there exists
r > 0 such that B,(z,r) C U. Now note the following chain of equivalencies

A set F C X is closed <= X \ F is open
<=VereX\F 3Ir>0 Bylz,r)CX\F
SVeeXxg¢gF=3Ir>0 Bylz,r) CX\F)
—=VreX(z¢F=3Ir>0 By,,NF=0)
= Ve X(Vr>0 Bylz,r)NF+@=x€cF)

z is a closure point

We will generalize this to topological spaces.

Lemma 3.2.1: Let X be a topological space.
ACXisopen<=Vrec A JUopenstzcUCA

Proof:
(=) Take A=U.

(<) For all x € A exists U, open such that z € U, C A. Then A = U U, is open.
€A

Remark 3.2.1: The general strategy in translating things defined in terms of
open sets in metric spaces to open sets in topological spaces is to replace “open
ball centered at z in the metric space” with “open neighborhood of z in the
topological space”.

Definition 3.2.1: Let X be a topological space and A C X we say that z € X
is a closure point of A iff for every open U C X st x €e U, UNA # @&.

The set of all closure points of A is called the closure of A denoted as cly(A).
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Proof:

Let D be a set containing a point picked from each element in the basis.

Unfortunately the converse is not true. Consider the following counterexample.
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Example 3.2.2: R, is not second countable but it is separable.

We saw in Proposition 2.1.2 that R, is not second countable. We show that it is
separable.

We see that clg, (Q) =R as for any z € R and any open set U C R such that z €
U we have that there exists some r € R where r > z and [z,r) C U. Now by the
density of the rationals in the reals we have that there exists some p € Q such
that z <p <r and so p € [z,7) CU and so UNQ # @. Thus R C clg, (Q) and
trivially clg,(Q) C R thus we obtain clg, (Q) =R.

Proposition 3.2.4: If (X, d) is a metric space, then X is separable iff X is second
countable.

Proof:

Clearly by Proposition 3.2.3 we have that if X is second countable then X is separable.
Now suppose that X is separable. Let D C X be a dense countable set.

Consider B = {B(z,r):x € D and r € Q*}. Clearly B is countable.

Now let U be an arbitrary open set and x € U. Let r > 0 be such that B(z,r) CU.
Since D is dense in X we can find some z, € DN B(z,%). Now let ry € Q* such that
d(z,zq) <719 < 3.

Now we show that x € B(zy,r,) C B(z,r) CU.

Clearly z € B(xy,7y). Now let y € B(zy,r,) then d(zy,y) <ry,. Now by triangle
inequality

Thus y € B(z,r) C U and so B forms a countable basis and hence X is second countable.
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3.3. Interior
There is a dual operator to the closure called the interior.
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3.4. Boundary

Proof:

See Assignment 2 Problem 1la

Proof:

See Assignment 2 Problem 1b

Proof:

See Assignment 2 Problem lc
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4. Functions on Topological Spaces

4.1. Continuous Functions

Proof:

We already know (i) and (ii) are equivalent

(iif) = (ii)

Let ECY be closed in Y and fix A= f1(E). Now it suffices to show that AC A.
Now then we have f(A) = E. Thus f(A) = E as E is closed. However by (iii) we have
that f(Z) C f(A) = E and so f(Z) C E or equivalently A C f~1(E) = A.

(i) = (iii)

Let A C X. Consider Y \ f(A) which is open. We see that f~! (Y \ f(A)) is open by
(i) which means that for x € f~! (Y \ f(A)) there is some open set U C f! (Y \ f(A))

such that z € U. Now consider z € A. By definition every open set U such that z € U
must intersect A and so U cannot be contained f~1 (Y\ f (A)) As such we have that

z¢ (Y \f(A)). Thus f(z) ¢ Y \ f(A) which means that f(z) € f(A) and hence
f(A) C f(A).

We now go over some basic properties of continuous functions.

Proof:

f71(U) is either @ or X which are both open and hence the preimage of any open set

is open.
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Proof:

(go f)1(U) = f~Y(g7'(U)). If U is open then g~*(U) is open and so f~*(g~*(U)) is
open and then (go f)~1(U) is open.

Proof:
(f141) " (U) = f~1(U) N A. Thus the preimage of an open set under f| , is open in A.

Proof:

By Proposition 4.1.3 and the fact that identity map is continuous.

Proof:
-1
f1U) = U ( f|Ua) (U) is open as it is the union of open sets by the continuity

acA
of fly, -
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Proof:

Consider h = (f, g) this is continuous by % impending tag.

z
Y
continuous functions from R? — R (We can use the usual € — § proof for this). Now

Now consider (z,y)—z+y, (z,y)—~z-y and (x,y) — £ where y # 0 which are

composing each of these functions with h we see that as the composition of continuous
functions is continuous by Proposition 4.1.2 that f + g, f - g and 5 are all continuous.

Proof:
We see that if x € AN B that f(z) = g(x) so h(zx) is well defined.
Let E CY be closed. We show that h~1(E) is closed.

Note that h™1(E) = f1(E) U g !(E). Now as f and g are continuous we have that
f7Y(E) and g71(E) are closed and as the finite union of closed sets is closed we have
that h~1(E) is closed.
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4.2. Homeomorphisms
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5. Sequences

5.1. First Countable Spaces

Definition 5.1.1: Let X be a topological space and x € X. A local basis at x is
a collection B, of open sets containing = such that

For every open U C X if x € U then 3B € B, such that z € BC U

Definition 5.1.2: We say that X is first countable iff every x € X has a countable
basis.

Example 5.1.1:
(i) Metric spaces are first countable: { B(z, L) : n € N} is a countable local basis

at x.

(ii) Second countable spaces are first countable: If B is a countable basis for X
then B, = {B € B : z € B} is a countable local basis at .

(iii) Uncountable discrete spaces are first countable (But clearly not second
countable): B, = {{z}} is a finite local basis.

(iv) R, is first countable: B, = {[z,z 4+ 1) : n € N} is a countable local basis

(v) w is first countable: For a € wy, B, = {(B,a+ 1) : B € pred(a)}

Example 5.1.2: (X, 7, snie) for uncountable X is not first countable

Proof:
Suppose for the sake of contradiction that for x € X there is some countable local basis
{B;:i€ N}boThen as each B; is open we have that B; = X \ F, where F; is finite. Now

define F' = U E; which is the countable union of finite sets so is countable. Now we can

fixy e (X \lt{iv}) \ F which is uncountable and so y ¢ F; for all i € N which means that
y € B, for all i € N. Now consider X \ {y} which is the complement of a finite set and
so is an open neighborhood of z. Now as y € B; for all i € N we see that B; € X \ {y}
for all 4 € N but this contradicts the fact that {B, : i € N} is a local basis.
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Lemma 5.1.1: If z € X has a countable local basis then there is a countable
local basis {B,, : n € N} at « with the property that Vn € N B, C B},

Proof:

Suppose {B,, : n € N} is a countable basis then define
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5.2. Convergence
Recall from analysis that for f: R — R

f is continuous <= Vz € R (z,, = =z = f(z,) — f(z))

Definition 5.2.1: Let X be a topological space. A sequence in X is a function
f N —= X. We usually denote a sequence by its range {xn}:oz | Where z,, = f(n).
We say {xn}:il converges to x iff for every open U s.t. z € U AN € N Vn > N
z, €U.

Remark 5.2.1: Using our usual tricks, one sees that if B is a basis for X then
x, — x iff

VBeB (x€e B=3dNeN Vn>N z,€B)

In particular if (X, d) is a metric space then

z, »zciff ve>0 INeN Vn>N =z, € By(z,¢)

Theorem 5.2.1: Let (X, d) be a metric space and Y a topological space. Then

f is continuous iff Vo € R if z,, — z then f(z,) — f(z)

Proof:

(=) Fix x € X and suppose z,, — z. We show that f(z,) — f(z). Fix V C Y open such
that f(z) € V. Now f~1(V) is open and z € f~1(V) thus as z,, — z there exists N €
N such that for n > N that x,, € f~1(V). This implies that for n > N that f(x,) € V
and thus f(z,) — f(z).

(<) Suppose that Vz € R if z,, — = then f(z,) — f(z). We show that VA C X that
f(ﬁ) C f(A). Let = € A now for each n pick z,, € AﬂB(x,%). We see that z,, = =
and so f(z,) — f(z). Now as each z, € A we have that f(z,) € f(A). Now as such
we see that any open set U such that f(x) € U will contain infinitely many points

of the sequence f(z,) and so will have non empty intersection with f(A) and thus

f(z) € f(A).

We note some important details about this proof.
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Proposition 5.2.1: Let X, Y be topological spaces. Then for f: X — Y

f is continuous = Vz € R if z,, — z then f(z,) — f(z)

Proof:
This is just the proof of the (=) direction of Theorem 5.2.1.

Proposition 5.2.2: Let X be a topological space and A C X.

If z, € A for all n € N and z,, — = then z € A.

Proof:

For all open U such that x € U we have that as z,, — x there exists N € N such that
for n > N that x,, € U. However as x, € A this implies that UN A #+ & and so = € A.

Lemma 5.2.1: Let X,Y be topological spaces. Assume that for all A C X
Z:{xeX:EI {2} CA st :vn—>:1:}
Then

f is continuous iff Vz € R if z,, — x then f(z,,) — f(x)

Proof:

First notice that in the statement about A that by Proposition 5.2.2 that the (C) is
always true. Namely that the assumption in this lemma is that every point in A has a
sequence in A that converges to that point. This is the key fact used in the proof of the
(<) direction of Theorem 5.2.1. The proof follows similarly.

Lemma 5.2.2: If X is first countable then for all A C X

Z:{xeX:H {z,.}7, CA st xn—>x}
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Proof:
The (D) direction is always true by Proposition 5.2.2

(C) For z € A. Fix a countable local decreasing basis of z denoted {B, : n € N} by
Lemma 5.1.1. Now we construct the sequence z,, by picking z,, € ANB,. As B, C B,
for £ > n we have that z,, € B,, for £ > n. Now for any open neighborhood U of z there
exists NV € N such that By C U and so for n > N we have that x,, € By, C U.

Remark 5.2.2: If X is a topological space such that
VAQX(Q{; EZ(:)EI{:UH} CAstz, —>m)

we say X is Fréchet-Urysohn.

Remark 5.2.3: If X is a topological space such that for all topological spaces Y

f is continuous iff Vz € R if z, — x then f(z,,) — f(x)

we say that X is sequential.

Summarizing we get this chain of implications:

X is metrizable = X is first countable = X is Fréchet-Urysohn = X is sequential

Now looking at some strange examples of sequences

Example 5.2.1:

(1) In (X, Tipgiscrete) €VErY Sequence converges to every point.

(ii)) In (R, 7. gnite) the sequence 1,2,3, ... converges to every point. To see this
for any point x € R and any open neighborhood U of x we have that only
finitely many elements of R are not in U. Say N is the largest of these then
for every n > N we have n € U and so the sequence converges to x.

Our goal now is to identify spaces for which it is true that convergent sequences converge
to a unique point.

Proposition 5.2.3: Let (X,d) be a metric space. Then sequences converge to a
unique point.
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Proof:

Suppose that z, — = and z, — y for  #y. Fix r = d(z,y) > 0 and let U = B(z, §)
and V = B(y, §). Clearly U NV = &. However as z,, — x there exists N, such that for
n > N, we have that z,, € U. Similarly there exists N, such that for n > N, we have
that z,, € V. Now for N = maX(Nl,,Ny) we have for n > N that z,, e U and z,, € V
but this contradicts the fact that UNV = &.
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5.3. Hausdorff Spaces

Proof:
The proof of this is almost identical to the proof of Proposition 5.2.3.
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5.4. Limit Points

Proof:
(D) ACAand A’ C Aandso A’ UAC A.

(C) Suppose z € A such that z ¢ A we show that z € A’. We see that for every open
neighborhood U of = that U N A # &. Now as x ¢ A we have that A = A\ {z} and so
UN(A\{z}) # g andsoxz € A"
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